The generalized estimating equations (GEE) method has been widely used to analyze longitudinal data since it was proposed by Liang and Zeger (1986) . It is well known that the efficiency of the GEE estimator can be seriously affected by the choice of the working correlation matrix. To address the associated misspecification issue, we propose an estimator called mix-GEE based on a finite mixture model for the working correlation. Under mild regularity conditions, the mix-GEE estimator is consistent, asymptotically normal, and asymptotically efficient if data are from a Gaussian mixture model. An important feature of the mix-GEE method is that it guarantees the positive definiteness of the estimated working correlation matrix if either the AR(1) or exchangeable structure is included. It is numerically more stable and displays a better finite sample efficiency than the hybrid GEE method (Leung, Wang, and Zhu (2009) ). The value of our method is further demonstrated by simulation studies and data examples.
Introduction
Consider a longitudinal study, in which y ij is the response measured at the jth time point on the ith subject, and x ij is the corresponding p-dimensional covariate, i = 1, . . . , N , j = 1, . . . , T . Observations from different subjects are assumed to be independent whereas those from the same subject are correlated. Suppose that E(y ij |x ij ) = µ ij = µ(x τ ij β) and V ar(y ij |x ij ) = v i (µ ij ), where µ(·) is a link function and β are regression parameters of interest. Let y i = (y i1 , . . . , y iT ) τ , µ i = (µ i1 , . . . , µ iT ) τ and X i = (x i1 , . . . , x iT ) τ . The generalized estimating equations (GEE) estimator (Liang and Zeger (1986) ) of β is the solution to the estimating equation
where A i = diag(v i (µ i1 ), . . . , v i (µ iT )), D i = ∂µ i /∂β, and R(α) is a working correlation matrix with nuisance parameter α. In the following, we denote bŷ β R the solution to (1.1) for a given working correlation matrix R. Under mild regularity conditions the GEE estimator is consistent, but its efficiency depends on the choice of the working correlation matrix. Extensive studies have been done to provide good choices of the working correlation matrix. Often, one is obtained by simultaneously estimating the nuisance parameter α in (1.1) for a given correlation structure R, such as exchangeable (CS), AR(1), or MA(1). The exchangeable structure R CS (α) has 1 on the diagonal and α elsewhere; the AR(1) structure has R ij = α |i−j| ; the MA(1) structure R M A (α) has the diagonal and the main off-diagonal components equal to 1 and α, respectively, with the rest of the components equal to 0. Liang and Zeger (1986) developed several moment methods to estimate these nuisance parameters but these estimates may not exist even in some simple cases (Crowder (1995) ). Many other methods have been developed since then, such as extended quasi-likelihood (Hall and Severini (1998) ), the quasi-least squares method (Chaganty (1997) ; Chaganty and Shults (1999) ), unbiased estimating equations (Wang and Carey (2004) ), decoupled pseudo-likelihood (Wang and Carey (2003) ; Liu, Lin, and Zhang (2008) ) and quadratic inference functions (Qu, Lindsay, and Li (2000) ). GEE estimators based on these methods are efficient when the working correlation structure is correctly specified, but correct specification of the working correlation structure is not an easy task. In practice, the working correlation structure is often selected using some ad hoc method from a small list of given structures, and efficiency of the method can be seriously affected when the structure is misspecified (Wang and Carey (2003) ), though consistency remains still holds. Recently, from an empirical likelihood perspective, Leung, Wang, and Zhu (2009) proposed a hybrid GEE method to address this misspecification problem by combining multiple GEEs with different linearly independent working correlation matrices. If R j (α), j = 1, . . . , J, is a list of working correlation structures, then the hybrid GEE estimator of β is given by maximizing the empirical likelihood function (y i − µ i ). Then if one of the working correlation structures is correct, the hybrid GEE estimator is asymptotically efficient. Generally, it performs better than GEE methods using a single working correlation structure when the true correlation structure is unknown.
For small samples, however, our experiences suggest that the hybrid GEE method can be numerically unstable when some of the estimated correlation matrices are nearly singular, and its finite sample efficiency is sometimes unsatisfactory. The importance of the positive definiteness of the working correlation matrix to the efficiency of GEE estimates was reported by Sutradhar and Das (1999) . Here, we propose an alternative method, called mix-GEE, by viewing the sample as from a finite mixture of distributions with different correlation structures. As a result, we obtain a single GEE with the working correlation matrix represented by a combination of a finite number of matrices, whereas the hybrid GEE method uses many GEEs with each given by a single working correlation structure. Under mild regularity conditions, we show that the mix-GEE estimator is consistent and asymptotically normal. It is asymptotically efficient if data are from a Gaussian mixture model and one of the mixture components gives the correct correlation structure. If either the AR(1) or exchangeable structure is included in the considered working correlation structures, the mix-GEE method guarantees that the estimated working correlation matrix is positive definite. This assures that it is numerically more stable and often displays a better finite sample efficiency than the hybrid GEE method. We also propose an iterative algorithm to solve the mix-GEE estimates that iterates between estimation of the nuisance parameters in the working correlation and estimation of the regression coefficients. Estimation of the nuisance parameters is solved by an EM-type algorithm using pseudo likelihood. A byproduct of our approach is that it can also serve as a tool for selecting the working correlation structures. For example, if estimates of some mixture proportions are close to 0, it indicates that the corresponding correlation structures should not be considered for the given data.
The rest of this paper is organized as follows. In Section 2, we propose the mix-GEE method and the computational algorithm, and then prove its asymptotic properties. Simulation studies and data examples are given in Section 3 and Section 4, respectively. Technical proofs are given in the Appendix.
The Mix-GEE Method
Our basic idea is to assume that
are the L components, and the z i = (z i1 , . . . , z iL ) τ are latent indicators that have only one component equal to one with the rest of its components equal to zero. Let π l = P r(z il = 1). Suppose that y 
Cov(y
The mix-GEE estimate of β is then given by the solution to (1.1) with
. Direct computation of the mix-GEE estimates can be numerically challenging, and we use an iterative algorithm that iterates between estimating nuisance parameters α 1 , . . . , α L and π 1 , . . . , π L for given β, and estimating β for given nuisance parameters.
Pseudo-likelihood estimation of nuisance parameters
Consider estimating the nuisance parameters given β.
Parameter estimation in a mixture model has been well studied when the distribution of each component is known, and estimates are often obtained using EM algorithms. In our context, the distribution of ε i is not specified and we consider a pseudo-likelihood (PL) approach. The PL approach has been considered by many researchers for longitudinal data or repeated measured data, for example Crowder (1985) , Carroll and Ruppert (1988) , Davidian and Giltinan (1995) , and Sun, Shults, and Leonard (2009) . Essentially, the nuisance parameters in the working correlation matrix can be estimated by maximizing a Gaussian log-likelihood. Let
A pseudo-log-likelihood function based on the mixture model (2.1) is
and the maximum PL estimate (MPLE) of ψ can be obtained by maximizing (2.3). We propose an PL-EM algorithm to solve this optimization problem, with each iteration consisting of an E-step and an M-step. A thorough discussion on EM algorithms can be found in McLachlan and Krishnan (2008) . Suppose ψ (t) is the value of ψ at the t-th step. Then ω
l ) is the current estimated posterior probability of ε i belonging to the l-th component. The E-step is to compute the expectation of the completedata pseudo-log-likelihood conditional on ψ (t) and the observed data,
In the M-step, we maximize Q(ψ, ψ (t) ) with respect to ψ to get ψ (t+1) ,
where Υ l is the region of α l in which R (l) is positive definite. It is easy to show that, for AR(1), Υ AR = {α| − 1 < α < 1}; for CS, Υ CS = {α| − 1/(T − 1) < α < 1}; and for MA(1),
The PL-EM algorithm stops when the difference between ψ (t+1) and ψ (t) is sufficiently small, and the MPLEψ = (α l ,π l ) L l=1 is taken as the value at the last step.
Theorem 1 shows that if the pseudo-likelihood function ℓ has a unique maximum, the PL-EM algorithm converges to this global maximum.
Theorem 2. The estimated working correlation matrix
Theorem 2 shows an important feature of our mix-GEE method. Most existing methods have no guarantee on the positive definiteness of the working correlation matrix, and this may cause serious loss of efficiency (Sutradhar and Das (1999) ).
Next we show the consistency of the MPLEψ for given β. We need some technical assumptions. (ii) The support of ψ, Ψ, is a compact subset of a Euclidean space.
∈ Ψ and all u ∈ Ω, where M is integrable with respect to G.
is generally satisfied. More generally, even when G is a non-normal distribution, as long as it has a finite fourth moment, the assumptions of Theorem 3 are satisfied.
Note that ψ * andψ are actually functions of β, ψ * = ψ * (β),ψ =ψ(β). Given β, Theorem 3 implies that the estimated working correlation matrix based on the MPLE converges to some constant matrix. Results in Theorem 3 are similar to those in White (1982) regarding properties of maximum likelihood estimators under model misspecification. The next theorem has it that if the responses are from a multivariate Gaussian mixture distribution,ψ converges to the true parameter in the true correlation matrix.
Mix-GEE estimation of regression parameters
Given estimated nuisance parameters ψ we can estimate regression parameters β by plugging the estimated working correlation matrix into (1.1), leading to the following iterative algorithm.
1. Obtain an initial estimateβ 0 using a N 1/2 -consistent estimator (for example, the GEE estimator based on the independent working correlation structure).
At the m-th step, computeε
is the estimation of β at the (m − 1)-th step.
Apply the PL-EM algorithm in Section 2.1 to obtain the MPLE (π
Repeating steps 2−4 until the algorithm converges, we denote the final estimate byβ M and call it the mix-GEE estimator. It follows immediately from Lemma E.4 in Appendix E that for, any integers k and m, the difference between updateŝ β k+m andβ m , vanishes in probability as N tends to infinity. If
The next theorem gives the consistency and asymptotic normality ofβ M under some assumptions on U i (β, M ).
Theorem 5. Assume the following.
There exists
)/∂ψ∂ψ τ is continuous at ψ * with probability one, and there is a neighborhood
is bounded in N with probability one.
is continuous at β 0 with probability one, and there is a neighborhood
where
The conditions of Theorem 5 are mild. We provide some concrete examples satisfying the conditions in a supplementary file at http://www.math.wustl. edu/$\sim$nlin/mixGEEsup.pdf.
To simplify notation, we put ψ * ≡ ψ * (β 0 ) in Theorem 5. If the data are indeed from a Gaussian mixture model, Theorem 4 implies that R * is the true
which shows thatβ M is asymptotically efficient (Chaganty and Joe (2004) ).
Simulation Studies
In this section, we compare our mix-GEE method with the hybrid GEE method (Leung, Wang, and Zhu (2009) ) through simulation studies. As reference, we also include the maximum likelihood estimator (MLE) and two other GEE estimators that use a single prespecified correlation structure. One is the 'independent' GEE estimator using the independent correlation matrix with all off diagonal entries zero, the other is the 'PL-GEE' (Crowder (1985) ; Carroll and Ruppert (1988) ; Davidian and Giltinan (1995) ; Sun, Shults, and Leonard (2009)) that is based on the classic GEE method with nuisance parameters in an assumed single correlation structure estimated by pseudo-likelihood. For PL-GEE, we consider the correlation structures CS, AR(1), and MA(1). The PL-GEE estimator is efficient when the working correlation structure is correctly specified and its efficiency can be seriously affected under misspecification.
In each simulation study, 1,000 Monte Carlo samples were generated.
Continuous response
We generated the response y ik at time k for the i th subject from N (µ ik = β 0 + x ik β 1 , 1), k = 1, . . . , 10, i = 1, . . . , n. The true value of (β 0 , β 1 ) was (1, -1); covariates x ik 's were randomly sampled from N (k, 1); the sample size n was 20, 50, or 100.
We compare the performance of several estimation methods according to their simulated relative efficiency (SRE) under different correlation structures. Letβ true be the GEE estimator obtained from plugging the true correlation matrix into (1.1). The SRE is taken as the ratio of the sample mean squared error (MSE) of an estimator and that ofβ true . For an estimator (β 0 ,β 1 ), its sample MSE is obtained by averaging (β 0 − β 0 ) 2 + (β 1 − β 1 ) 2 over all Monte Carlo samples.
Three component mixture
Consider the case in which the true correlation is given by a three component mixture of AR(1), CS, and MA(1). Let
The true values of the correlation parameter are α 1 , α 2 , α 3 and the relative component proportion π 1 , π 2 , π 3 are given in Table 1 . The PL-GEE method uses a single correlation structure, and we consider PL-GEE estimators with correlation structure CS, AR(1), and MA(1), respectively. In Table 1 , 'Ind', 'hybrid' and 'mix' refer to the independent GEE estimator, the hybrid GEE estimator, and the mix-GEE estimator, respectively. The estimated component proportions from the mix-GEE method are given bŷ π 1 ,π 2 , andπ 3 . Numbers in brackets are mean squared errors (MSEs) of the mix-GEE estimator. MSEs of other estimators can then be inferred using their SREs. Under this setup, independent GEE and PL-GEE both use misspecified correlation structures, so we can see that their efficiency was always lower than the mix-GEE estimator. Surprisingly, for small samples, the hybrid GEE estimator performed even worse than the independent GEE and the PL-GEE estimator even when a misspecified correlation structure was used. Our experience suggests that the hybrid GEE estimator requires a very large sample to achieve the claimed asymptotic efficiency. Across different finite mixture correlation models, Table 1 . Comparison for continuous data generated from three-component mixture distributions.
true parameter SRE mixture proportion n α1 α2 α3 π1 π2 π3
Ind P LCS P LAR1 P LMA1 hybrid MLE mix ( the SRE of the mix-GEE estimator was always the smallest and close to 1. Meanwhile, we also see that the component proportions are consistently estimated by the mix-GEE method.
Single component correlation structure
Here we consider data from a single correlation structure, either AR(1), CS or MA(1). For each, we consider different values of the nuisance parameter α. In Table 2 , the first column gives the true correlation structure while the other columns are defined similarly as in Table 1 . Table 2 has the PL-GEE estimators as most efficient if the prespecified correlation structure is correct, but they have low efficiency under misspecification. On the other hand, the mix-GEE estimator has SREs close to 1 under all scenarios, and its efficiency is close to the PL-GEE estimator when the correlation structure is correctly specified. Furthermore, similarly as in Table 1 , the mix-GEE estimator always gave smaller MSEs than the hybrid GEE and the independent GEE. And most of the time, the estimated mixture proportions given by the mix-GEE method correctly identified the true correlation structure, except when the true correlation matrix is difficult to identify. 
Binary response

Probit model
We generated the binary responses from the probit regression model y it = I[z it ≤ (β 0 + β 1 x it )], where the Z i = (z i1 , . . . , z iT ) are multivariate normal with mean 0, variance 1, and correlation structure CS, MA(1), or AR(1). The covariates x it were randomly sampled from U (−1, 1) for i = 1, . . . , N and t = 1, . . . , T . We considered T = 4 and N = 50, 100 or 200. The true values were set at (β 0 , β 1 ) = (0, 0.5).
For this setup, the explicit form of the true correlation structure of the responses y it 's is difficult to obtain even though the correlation structure of the latent variable z it 's is known. So, as in Chaganty and Joe (2004) , we compared all estimators to the MLE for the case that the latent variable is observed, and obtained their SRE as the ratio between the sample MSE of an estimator and that of the MLE. Table 3 again has the mix-GEE estimator with high efficiency across different correlation models, whereas the hybrid GEE estimator is always less efficient.
Applications to Data
Six cities data set: Children's wheezing status
In this section, we apply our mix-GEE method to a respiratory infection data set from Ware et al. (1984) . It has been previously analyzed by Fitzmaurice and Laird (1993) and Chaganty and Joe (2004) . In this, a group of 537 children from Steubenville, was examined annually at ages 7 through 10 to study the relationship between health and air pollution. The response variable is a binary variable indicating a child's wheezing status. We fit a probit regression model using the three predictors Age, with value -2,-1,0,1 at ages 7,8,9 and 10; Maternal, with value 1 if the mother smoked regularly at the first year of study and 0 if she did not smoke; Age*Maternal indicates the interaction effect between Age and Maternal. In addition to our mix-GEE estimator, we also computed the independent GEE estimator, the PL-GEE estimator with working correlation structure CS, AR(1), or MA(1), the hybrid GEE estimator, and the MLE based on multivariate probit model. For the hybrid-GEE and the mix-GEE method, the correlation structures R 1 (α 1 ) = AR(1), R 2 (α 2 ) = CS, and R 3 (α 3 ) = M A(1) were considered. Results are shown in Table 4 . Numbers in brackets are standard errors of the estimator. Estimates from all methods are quite similar. It is worth noting that the component proportion estimates from our mix-GEE estimator areπ AR = 0.062,π cs = 0.694, andπ ma = 0.244, which indicates a preference to the exchangeable structure. Interestingly, Chaganty and Joe (2004) also reported that the pattern of dependence is closer to exchangeable than to AR(1). 
Growth of Sitka spruces
We consider the Sitka spruce data set, from Diggle et al. (2002) , in which 79 spruces were observed at 5 time points. Among them, 54 trees were grown in ozone-enriched chambers and 25 were grown in the general environment. The experimental design was balanced with the same number of trees at each time point. The responses y ij 's were computed as y ij = log(height ij × diameter 2 ij ) to denote the growth status of the trees. The explanatory variables are the ozone environment indicator (0 = normal, 1=ozone) and log(observation day time), where observation day time is the number of days from the start of the study.
We fit this data using the linear model E(y ij ) = β 0 + β 1 ozone ij + β 2 times ij . The same set of GEE estimators as in Section 4.1 was considered with results given in Table 5 . Here, the component proportion estimates wereπ AR = 0.96, π cs = 0.03 andπ ma = 0.01, Thus a strong indication that a single AR(1) correlation structure is perhaps sufficient. The mix-GEE estimates are very similar to the naive GEE estimates with the AR(1) working correlation. 
It is easy to show that
Hence, H(ω (t) , ψ (t) ) > H(ω (t) , ψ (t+1) ) and it then follows that the change from ψ (t+1) to ψ (t) increases the pseudo-likelihood ℓ.
Appendix B
Proof of Theorem 2. In (2.4), let
Then, we have
. And without loss of generality, let
. Then the derivative of f can be written as
and
Hence ∂f (α 1 , ψ (t) )/∂α 1 = 0 has a unique solution in (−1, 1), soα 1 (t+1) ∈ (−1, 1)
Then we can show that
Therefore, ∂f (α 1 , ψ (t) )/∂α 1 = 0 has a unique solutionα 1 (t+1) in (−1/(T − 1), 1), R CS (α 1 ) is positive definite, and
is also positive-definite.
Appendix C
Proof of Theorem 3. To prove Theorem 3, we need Theorem 2.2 of White (1982) and state it as the follows. (ii) E(log g(U i )) exists and | log f (u, θ)| ≤ M (u) for all θ in Θ, where M is integrable with respect to G.
Then if KL(g; f, θ) has a unique minimum at
Apply Lemma 1 to ε 1 , . . . , ε N and → ψ * . To prove the second part of Theorem 3, we use Lemma 4.3 of Newey and McFadden (1994, p.2156) 
For any given β, consider the Taylor expansion
whereψ is a point on the segment connectingψ and ψ * . It is obvious that ψ a.s.
Because KL
By the Central Limit Theorem, we then have
) By Jensen's inequality, it is obvious that
Appendix E
Proof of Theorem 5. From (2.5), we know thatβ M is the solution to the estimating equation
It is obvious thatβ 0 P → β 0 for m = 0. Under the assumption thatβ m P → β 0 , we provê β m+1 P → β 0 . By the algorithm 2-4 steps, we have
withβ m+1 as a point on the segment connectingβ m+1 and β 0 .
Lemma E.1. Under conditions of Theorem 5, we have S
Proof of Lemma E.1. Taylor expansion of β at β 0 gives
with β m as a point on the segment connectingβ m and β 0 . Next, we prove
It is obvious thatβ m P → β 0 . Furthermore, since [∂ 2 U i {β, M (ψ(β))}/∂β∂β τ ] is continuous at β 0 with probability one and
Proof of Lemma E.1 is then completed.
Lemma E.2. Under the conditions of Theorem
For a given β, the Taylor expansion at ψ * gives
for someψ(β) on the segment connectingψ(β) and ψ * (β). We prove a) E N = O p (1) and R N = o p (1) for given β. When β equals the true value β 0 , we further prove b) D N = o p (1), and c) the asymptotic distribution of
is continuous at ψ * with probability one and
. By the chain rule, we have
It is easy to see that 
where 
∂ 2 U i {β, M (ψ(β))}/∂β∂β τ β=β ) = o p (1). Proof of Lemma E.5 is then completed. By Slutsky's theorem, the proof for the asymptotic normality ofβ M follows from (E.3), Lemma E.2, and Lemma E.3.
